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Abstract 

^ \ It has been known that D = 5 simple supergravity resembles D = 11 supergravity in 
d I many respects. We present their further resemblances in (1) the duality groups upon 
dimensional reduction, and (2) the worldsheet structure of the solitonic string of the 
D = 5 supergravity. We show that the D = 3, G2(+2)/ SO{A) (bosonic) nonlinear sigma 
model is obtained by using Freudenthal's construction in parallel to the derivation of the 
D = 3, Es{+8)/ S0{16) sigma model from D = 11 supergravity. The zero modes of the 
string solution with unbroken (4,0) supersymmetry consist of three (non-chiral) scalars, 
four Majorana-Weyl spinors of the same chirality and one chiral scalar, which suggests 
a duality to a certain six-dimensional chiral string theory. The worldsheet gravitational 
anomaly indicates a quantum correction to the Bianchi identity for the dualized two-form 
gauge field in the bulk just like the M5-brane case. 
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1 Introduction 



It has been known for a long time that D = 5 simple supergravity resembles D = 11 
supergravity [|l], ^. The name of "simple" supergravity is given because it contains a 
possible minimal set of fields (a single N = 2 gravity multiplet). It consists of one 
graviton, two N = 2 symplectic-Majorana gravitini which are equivalent to a single 
Dirac gravitino, and one U{1) gauge field which replaces the three-form gauge field in 
D = 11 supergravity The Lagrangians are exactly in the same form except for 
the difference in the number of indices of the gauge fields. It is also known that the 
dimensional reduction to D = 4 [^] can be carried out in a similar way. 

In this paper we will present their further resemblances in two different aspects. In 
the first part we study the dimensional reduction to three dimensions and show that 
the D = 3, G2{+2)/ S0{4:) (bosonic) nonlinear sigma model can be obtained by using 
Freudenthal's construction of the exceptional Lie algebras. The derivation is completely 
parallel to that of the D = 3, -E8(+8)/'S'0(16) sigma model from D = 11 supergravity p. 
Although the appearance of G'2(+2) / 5*0(4) in this reduction is already known by the r- and 
c-maps (G'2(+2) / SO (4) is the image of the empty space as a very special real manifold. See 
for a review.), the explicit construction makes the similarity of the two supergravity 
theories transparent. In particular, Freudenthal's construction reveals how similar the 
structures of -E'8(+8)/'S'0(16) and G2{+2)/'S'0(4) are. 

In the second part we investigate the worldsheet structure of the magnetically charged 
BPS solitonic string of the D = 5 supergravity. As we shall see, this string has a number 
of properties which are similar to those of M5-brane. For example, unbroken worldsheet 
supersymmetry is chiral, and it also has a chiral bosonic massless excitation which may be 
viewed as an analogue of the self-dual two-form on M5-brane. Two is again the number of 
world- volume dimensions where a gravitational anomaly may exist, and indeed it does. 
This (tangent-bundle) anomaly in turn indicates a quantum correction to the Bianchi 
identity for the dualized two- form gauge field in the bulk just like the M5-brane case 0, §]. 



We will not discuss possible normal-bundle anomaly |10| in this paper. 

Of course, D = 5 simple supergravity can be realized as a Calabi-Yau compact ification 
oi D = 11 supergravity |Tl|, [1^ with hu = 1, together with the truncation of scalar 
multiplets. (This truncation is necessary since there arises at least one scalar multiplet 
for any Calabi-Yau compactification.) Therefore, its properties can be explained in terms 
of the D = 11 theory. For example, the string in the D = 5 supergravity can be viewed as 
M5-brane wrapped around the unique 4-cycle of this Calabi-Yau, while the 0-brane dual 
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to the string is M2-brane wrapped around the unique 2-cycle dual to the 4-cycle. We 
should emphasize here that our aim is not to investigate the properties of this particular 
kind of supergravity itself. Rather, we would like to convince the reader that this D = 5 
model may afford a nice testing ground for various ideas in D = 11 supergravity and 
M theory, hoping that we could get an insight into the unsolved interesting problems of 
these theories in a simpler setting. 

2 Dimensional reduction and nonlinear sigma mod- 
els 

2.1 Reduction to = 4 

We first briefly review the dimensional reduction of simple D = 5 supergravity to D = 
4 1^. We present it in such a way that the SL{2, R) symmetry may look similar to the 
Ej(^^Y) symmetry of = 8 supergravity. We also identify the discrete quantum duality 
group 
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Retaining only the bosonic degrees of freedom, the Lagrangian of simple D = 5 
supergravity is given by 

C = E(^) (/?(^) - ^Fm^F^^^) - ^e^™^FM^FpQA«, (1) 

where Fmn = 29[Af Aatj. We take the signature (— + + ++). Dropping the fifth-coordinate 
dependence, we get the four-dimensional Lagrangian 

£ = ^(4) (^^(4) _ In pdf^ In p - ^p-'d^Adf'A - ^p'Bf.oBf'' 

_1 f(4)A£' 3_ I?{4)-1 Ai>pa A 

where the fiinfbein and the vector field are parameterized as 

Am = [A^,A]. (3) 



(2) 



E M 



p 



p, z>, . . . and d, /?, . . . are four-dimensional curved and flat indices, respectively. F^^^ is 



defined by F^^ = + Bp_{)A, where F'^^ = 29[^A'-] is the field strength of the Kaluza- 
Klein invariant vector field A'^ = Af^ — Bf^A, and Bf^c = 2dinBp]. We dualize A'^ field by 
adding 

^Lag.muit. = le^'^'A,di,FL (4) 



2 



to L. Up to an irrelevant perfect square one finds 



l~' ~l~ -^Lag.mult. 

lis 
Cv 



where Q(,y 
as 



B 



1 



(5) 



Afi0 = 2(9[^y4p]. N'^^^" is a two-by-two matrix and can be written 



-<^*K - $ + -($<l>*2ir + K$*2$) + 1$$*$ _ -(^(^*^K(!>, (6) 
2 3 4 



where I^^^p^ = i(G'(^)'^^G(^)'^* - G'^^^^pG^^^^^), {^)^'^p^ = ^E'-^^-h^^P^ , V 



p-2 
pi 
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To see the duahty symmetry 


we c 



K={1 + <|>*2)-i and = -^P~^A. 



It can be shown that Qfj,0 and 7Y^,> are related by 



n 



where and V*-^^ are four-by-four matrices defined by f2 



-1 



V_ = exp 



V. 



(4) 



and V. 



(4) 



P"'exp(-0E)P, Vi^^ = P"^exp(lnp"5if)p, 



Writing Q 



y(4) ^ y(4)^ 



(7) 



(8) 



(4)., (4) 



" 
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1 









-1\T 



E 



V3 
2 

V3 




H 



(9) 



iNote that V(4) = V_^^V^_^^', where vi^'^ = v|^^-'vi^V|^^ = cxp{-^AE)P. 
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it is clear that and In p parameterize SL{2, R) / S0{2). Note that H, E and F = are 
the 4 representation matrices of the Chevalley generators of the Lie algebra of SL{2, R) 
embedded in 5*^(4) (defined with respect to PVlP^^). Denoting TZ = V*-^^"^ V^^-* , one may 
write 

Cv + Cs = E^'^ Q^J, ^ n^' + ^Trdf.n-'df'n^ . (lo) 

The field equations are invariant under a rigid transformation jF^p A^^JF^,>, TZ — >■ 
A^7?.A for A G SL(2, R). The transformation of V*-^-* must be accompanied by a compen- 
sating local 50(2) transformation V^^) h{x)V^^'^A, h{x) G {P-^ exp{t{E - F))P \ t G 
R}, as usual, so as to restore the parameterization of the coset space. 

Typically, such a continuous symmetry of a classical supergravity is broken at the 
quantum level to a discrete subgroup due to the charge quantization condition. In our 
case the classical duality group SL{2, R) is broken to the intersection SL{2, R)n 5*^(4, Z), 
where the latter is defined as a discrete subgroup of 5*^(4) that preserves the charge lattice 
and must be represented by matrices with integer entries in some basis. To identify this 
we change the charge normalization as JF' = UJ-', V*-^-*' = UV^^'^U~^, etc. by the constant 



matrix U 



(so that the local 5*0(2) is now defined as the group of 



matrices that preserves the 'metric' f/ ^) 0. Then the generators of the Lie algebra of 



SL{2, R) are transformed into E' 



F' 



and H' = H. 



3 
2 
1 


In this basis SL(2, Z) = SL{2, R) fl Sp{4, Z) is realized as matrices with integer entries. 
The whole duality group is generated by the modular group generators P~^SP and 
p-^XP, where 





1 
2 
3 



S = exp(— F') exp E*' exp(— F') 



1 



-1 



T = exp E' 



1 



3 
1 



'11^ 



Note that on the scalar Z 
modular transformations Z 



—(f) + ip this definition of SL(2, Z) induces the familiar 
Z + 1 and Z —>■ —1/Z under T and S, respectively. 



^The normalization of As- is so chosen that the matrix $ becomes symmetric, and therefore the 
involutive automorphism is obtained by simply transposing the inverse. If we had taken V3/2 instead 
of 1/2 as the factor in (^, we could have directly derived E,F and H with integer entries, but as the 
price the involutive automorphism then becomes less trivial. 
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2.2 Reduction to L> = 3 



We will now turn to the reduction to D = 3. Splitting the curved indices M, iV, . . . = 
0, . . . , 4 into /i, z/, . . . = 0, 1, 2 and j, . . . = 3, 4 and ignoring the dependence of the latter 
coordinates, the original Lagrangian (|I]) is reduced to 

1 E(=^)-ie^^V^F^,9pAi ■ A, V (12) 



2^3 



where the fiinfbein and the vector field are decomposed as 



(5)A 



M 



e/ 



Am = [A^,A,]. (13) 



The fiat Lorentz indices A, S, . . . = 0, . . . , 4 are split into a, /3, . . . = 0, 1, 2 and a,b, . . . = 
3, 4. In eq. (0) (as well as in eq. ([15|) below), /x, z/, . . . are raised by the metric G^^^^'^ = 
^{3)/.^(3)i'^^^^ ^ diag[-l,+l,+l]; E^^), E^^) and e are the determinants of E^^^, 
.E*^^)" and Cj", respectively; S^j, = 2c}[^i?^] is the Kaluza-Klein gauge field strength. As 
in D = 4 case, F^^^i^" is defined by the equation F^j^^ = -^(£,=3)^^, + -B^jy^i, where F'^j^^^^^^ 
is the field strength of the Kaluza-Klein invariant vector field A'^^g-j^ = — B^^Ai. 

These three-dimensional vector fields are dualized by introducing the Lagrange mul- 
tiplier fields 

£Lag.muit. = "i^e^-'i^d^Fl^^,),^ + ^,d,Bi;). (14) 



1 

2 

Up to irrelevant perfect squares of A',r^^n\ and 5* , one finds 



^ ~l~ -^Lag.mult, 



^(3) (^i?) _ In In e + \d^gi^d^g'^ - ]^g'' d^A^d^ A, 



-\e-\d,^ - l=e^^A,d,A,){d'^^ - l=e'^A,d^Ai) 

■ {d^ij, + ^(^S'^A, - A.d^v) + j . (15) 

Let us now show how the G2(+2)/ S0{4) nonlinear sigma model is made up of these 
scalar fields. The adjoint representation of G2 is decomposed into the direct sum of 
representations of its subalgebra 5*^(3) as 14 = 8 © 3 © 3. Let V and V* be the 
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representation spaces of the 3 and 3. It is known that if we define the Lie brackets 
among x/ , y/ E SL{3, C), Vi^, Wi> e V and v"',w*'' E V* by 

[A, r J., - Aj, Y^, - A^, Yj, , 
[X, v\e=X/vv, 
[X, v*X' = -X/v*^\ 

r li' 2 i'i'k' 



(16) 



then they reahze the Lie algebra G2- If the relations (^) are regarded as those for a real 
Lie algebra, they generate G2(+2)- 

Any element of the Lie algebra G2(+2) can be specified by a triple Y^,^' E SL{3,'R), 
Wi' E V ^ R^, w*^' G ^ R^. We write out the adjoint representation matrix 





' y/4 


- Y^,'5/ w*^'6^: - lw*'''6i 






ad[y, w, w*] = 




- lw,6f) Y/ 


2 *n' 


, (17) 








-Y 





where the indices are so assigned that this matrix maps a triple [Yj\ Wk', w*^'] to [Y^,-' , Wi',w*'^'] 
In this notation the Chevalley generators are given by hi = ad[ifi, 0, 0], ei = ad[i?i, 0, 0], 
/i = ad[Fi,0,0], h = ad[-Hi + H2,0,0], 63 = ad[0, v^ria, 0], /a = ad 



with Hi 



and 



" 1 




"01 




' 


-1 


, El = 





, El = 


1 
















0, 0, -73^2 
" 

1 

-1 




1 




, while the 5*0(4) subalgebra is spanned by the elements in the form 



-U. 



ad[f/, u, u], U'^ ■■ 

To identify the physical fields we define Aii = 61, Ai, 99*' = 6^^ip and V_ = exp(— ad[0, A, v^]). 
Then one obtains 9^V_ ■ Vz^ = ad[y, w, w*], where Y, w, w* are given by 



We 



2 

-d^,Ai', 



6 



w 



We now consider the product V = V+V- with 

y 

V}' 



V4 



V ; 

a' y 



-e 



(19) 



Using the equation ^^y ■ V"^ = ^^y+ ■ + V+(a^V_ ■ Vr^)V+\ one finds a^V ■ V"^ 
ad[Z, z, z*], where 
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e-^a^e 



(20) 

(21) 
(22) 
(23) 



We introduce here the involutive automorphism r such that r(H) = +H, t(K) = — K 

for 



,2(+2) = H(= ^0(4)) © K. This imphes 

r(ad[Z', z*\) = ad[— Z"^, z*, z]. 



(24) 



Defining = r(V) as usual |T^, |l8l, one obtains the G2{+2)/ S0{4:) nonhnear sigma- 
model Lagrangian 

, 2 



Ti{Z + Z'y -16{z- z 



*\2 



(25) 



Using the expressions (pOf) — (^31) , one finds that eq. (p5|) is precisely the sigma-model 
part of the dualized reduced Lagrangian ([T5|) up to an overall constant factor 32. This 
completes the construction of the G2{+2)/'S'0(4) nonlinear sigma model from the dimen- 
sional reduction of the D = 5 supergravity Lagrangian. 



3 Worldsheet structure of the solitonic string 

In this section we study the properties of the magnetic BPS 1-brane solution of the D = 5 
supergravity. The metric is given by 



dsi = H-\~dt' + dy') + H\dr' + r^d^a) 



(26) 
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where r is the radial coordinate of the three-dimensional transverse space, d^l2 is the 
area element of the unit sphere S'^, and H is a harmonic function 1 + Q/r. The U{1) 
gauge-field strength has the only non-vanishing components 



(27) 



for the transverse space indices i,j,k. The solution (p6D , (|27D is a D = 5 analogue of 
M5-brane it is non-singular and interpolates |16] the two maximally supersymmetric 
vacua, namely five- dimensional Minkowski space and AdS^ x S"^. D = 5 supergravity also 
allows a dual electrically charged 0-brane solution which may be viewed as an analogue 



of M2-brane. According to the general rule, there is no intersecting solution |19, 20 



The vanishing condition of the supersymmetry transformation of gravitino gives the 
Killing spinor equation 



(28) 



where DMiuj)e = {Dm — \^mab^'^^)^ (since we changed the "mostly negative" metric 
adopted in ref.p] to the "mostly positive" one). In the above soliton background, this 
equation is reduced to 



I 

— ( 
2 



(29) 



Taking the gamma matrices as = 2(72®!, = —ai®l and = cr3®cra_i (a = 2, 3, 4) 
the condition (PUf ) becomes 

aa-idaH 




e = 0. 



(30) 



If one decomposes the Dirac spinor e as 



eq. (pOD shows that supersymmetry 



generated by e_ is unbroken. Since the worldsheet chirality is defined by F'^F^ 
e± have definite chirality. Thus two-dimensional (4,4) supersymmetry is spontaneously 
broken to (4,0) by the string. 

Let us now find the zero modes of this solitonic string. The obvious ones are the 
three bosonic zero modes associated with the broken translational invariance along the 
transverse directions due to the presence of the string. There are also (0,4) fermionic 
zero modes coming from broken supersymmetry. 

It is known that spontaneously, partially broken supersymmetry implies worldsheet 
supersymmetry ||2l|, which in our case requires one more right-moving scalar to match 



-0-3 ( 
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the numbers of bosons and fermions. The missing bosonic zero mode is a D = 5 analogue 



of the self-dual two- form of the M5-brane p2| , |23| . To identify this, we consider a small 
fluctuation of the gauge field 6 Am- It satisfies 

dMiE^'^SF''^) - ^e^'^^'^'^FpQSFnM = 0, (31) 

where SFmn = '^diM^A^]. We solve this equation by assuming 6Fmn = —SF^m = 
dfjXdi{H'^) for M = a and N = i for some real scalar X which depends only on the 
worldsheet coordinates cr(= t,y), and 5Fmn = otherwise. In the background (^) and 
(p7|), the N = i component of eq. ( pT] ) shows that X is a free field, and the N = a 
equation tells us that X must satisfy 

- 7]''^drX + t'^^drX = (a, r = t , , (32) 

that is, X is a chiral boson. Thus we have found four bosonic and four fermionic zero 
modes in the right-moving sector, and three bosonic zero modes in the left-moving sector. 
They should be compared with the (0, 2) tensor multiplet of the M5-brane. 

It is a common feature in string/M theories that a fundamental object in one theory 
appears as a soliton in its dual theory [0, Therefore it would be interesting to explore 
the relation of this solitonic solution to a certain chiral string theory. The dimensions 
of the target space of this dual string will be six, since the four right-moving bosons are 



expected to arise as the fields in the static gauge in which extra two dimensions 

are supplied from the worldsheet coordinates. 

The existence of chiral zero modes implies the non-conservation of the energy-momentum 
tensor on the string worldsheet ||^. Again as in the M5-brane case, it can be under- 
stood as the energy-momentum inflow from the bulk. For such a mechanism to work, 
the three-form gauge field of M theory requires a gravitational Chern-Simons coupling, 
which was indeed verified to exist 0, 0. In our case the gravitational anomaly on the 
string worldsheet is canceled by the contribution from the bulk if the U{1) gauge field 
has the coupling^] 

Ccs oc A A tri?^ (33) 

The anomaly polynomial |2^ for the four Majorana-Weyl spinors is 4- (— ^Pi) = ^tri?^, 
while the contribution from the chiral scalar is 1 ■ (— ^Pi) = ^tri?^, adding up to ^tri?^. 
Thus the gravitational anomaly of the string worldsheet predicts the coupling 

Ccs = iT^AMiR^ (34) 
327rg 



This form of correction was discussed in the Calabi-Yau compactification of M theory |lz 
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in the bulk theory. Here q is magnetic charge per unit area of the string q = A\/3tcQ. 
This term gives rise to a modification of the field equation for the U{1) gauge field, 
or equivalently the Bianchi identity for the dualized two-form gauge field exactly in 
the same manner as the M theory case The charge q is proportional to the string 
tension. Since the dual object of this string is a 0-brane, one should be able to verify this 
prediction by a one-loop calculation in the original D = 5 supergravity theory (without 
any compactification!), thereby establishing the particle-string duality in five dimensions. 
Work along this line is in progress. 



4 Concluding remarks 

We have seen that D = 5 simple supergravity resembles D = 11 supergravity both in 
their group theoretical properties and in the structures of their classical solutions. In 
particular the solitonic string in the D = 5 theory is a very similar object to M5-brane. 
We hope that this simple model will be useful to test the recent ideas developed in 
string/M theory, such as normal bundle anomaly and AdS/CFT correspondence. 

We thank T. Kawai and G. Schroder for helpful discussions. S. M. is grateful to 
International Center for Theoretical Physics and Max Planck Institute for Gravitational 
Physics for kind hospitality. 
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